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(𝛾𝑆𝐸 + 𝛾′) exp 𝛼𝑑 − 1 = 1

𝐸+ ≪ 𝐸

𝜌 𝜀0

𝑗𝐹𝑁
′ = 𝐶𝐹𝑁(𝐸 + 𝐸+)2exp[− Τ𝐷𝐹𝑁 𝐸 + 𝐸+ ]

𝑑𝐸

𝑑𝑥
=

𝜌

𝜀0

𝐹𝑏𝑟 =
2𝐸2𝑣𝑑𝜀0
𝐷𝐹𝑁𝑑𝑗𝐹𝑁

1 − 𝛾𝑆𝐸 exp 𝛼𝑑 − 1

exp 𝛼𝑑 − 1
=
exp 𝑥0 1 + 2 ത𝐸𝑥0

𝑥0

𝑥0 =
−1 + 1 + 8 ത𝐸

4 ത𝐸
≈ 1



ത𝐸 = 𝐸𝐸∗
−1, ҧ𝜏 = 𝑇𝜏∗

−1, ҧ𝑝 = 𝑝𝑝∗
−1 ҧ𝑑 = 𝑑𝐿−1

ҧ𝑗𝐹𝑁 = 𝑗𝐹𝑁𝑗0
−1 ത𝛼 = 𝛼𝐿 ത𝜙 = 𝜙𝜙∗

−1

𝑝∗ = 𝐸∗𝐵𝑝
−1, 𝐿 = 𝑝∗

−1𝐴𝑝
−1, 𝑗0 = Τ𝐴𝐹𝑁𝐸∗

2 𝑡2 𝑦 𝜙∗ , 𝜙∗ = 3.79 × 10−4 2𝐵𝐹𝑁
2

𝐸∗ = 0.95𝐵𝐹𝑁𝜙∗
Τ3 2 𝜏∗ =

𝜋𝑚𝜎𝐶𝐸𝐵𝑝

8𝑒𝑘

𝐴𝐹𝑁

𝜖𝑜𝐴𝑝𝑡2 𝑦 3.79×10−4 2𝐵𝐹𝑁 2

2

𝒑∗ × 108 𝑳 × 10−12 𝒋𝟎 × 10−18 𝝓∗ 𝑬∗ × 1012 𝝉∗

3.44 2.42 2.24 96.81 6.20 8476

1.81 4.60 2.24 96.81 6.20 11288

6.20 4.03 2.24 96.81 6.20 21409

1.77 2.17 2.24 96.81 6.20 11539

exp Τത𝜙 Τ3 2 𝛽 ത𝐸

𝛽 ത𝜙 Τ1 2 exp ത𝜙 Τ−1 2

ҧ𝜏 ത𝐸

ҧ𝑝 ҧ𝑑2
1 − 𝛾𝑆𝐸 exp ത𝛼 ҧ𝑑 − 1

exp ത𝛼 ҧ𝑑 − 1
=
exp(𝑥𝑜)(1 + 2 ത𝐸𝑥𝑜)

𝑥𝑜



exp Τത𝜙 Τ3 2 𝛽 ത𝐸

𝛽 ത𝜙 Τ1 2 exp ത𝜙 Τ−1 2

ҧ𝜏 ത𝐸

ҧ𝑝 ҧ𝑑2
1 − 𝛾𝑆𝐸 exp ത𝛼 ҧ𝑑 − 1

exp ത𝛼 ҧ𝑑 − 1

=
exp(𝑥𝑜)(1 + 2 ത𝐸𝑥𝑜)

𝑥𝑜

ത𝛼 ҧ𝑑 ≪ 1

ത𝑉 = ҧ𝑑
−Δ1 − Δ1

2 − 2Λ1 Τത𝜙 Τ3 2 𝛽 + 𝛾𝑆𝐸 ҧ𝑝2 ҧ𝑑 + ҧ𝑝

Λ1

ത𝛼 ҧ𝑑 ≫ 1

ത𝑉 = ҧ𝑑
−Δ2 − Δ2

2 − 2Λ2 Τത𝜙 Τ3 2 𝛽

Λ2

ത𝑉 =
ҧ𝑝 ҧ𝑑

ln ҧ𝑝 ҧ𝑑 − ln ln 1 + 𝛾𝑆𝐸
−1

10

25

40

55

70

85

1.00E-091.00E-081.00E-071.00E-061.00E-05

V
b

pb

(1)
(2)
(3)
(4)

𝑝ҧ

𝑉ത

𝑑ҧ = 2.5 × 10 

𝛾𝑆𝐸 = 1 × 10−3

(a)

10−9 10−8 10−7 10− 10− 
10

25

40

55

70

85

1.00E-091.00E-081.00E-07 1.00E-061.00E-05

V
b

pb

(1)
(2)
(3)
(4)

𝑝ҧ

𝑉ത

𝑑ҧ = 5 × 10 

𝛾𝑆𝐸 = 1 × 10−3

(b)

10−9 10−8 10−7 10− 10− 

10

25

40

55

70

85

1.00E-091.00E-081.00E-071.00E-061.00E-05

V
b

pb

(1)
(2)
(3)
(4)

𝑝ҧ
𝑉ത

𝑑ҧ = 2.5 × 10 

𝛾𝑆𝐸 = 1 × 10−2

(c)

10−9 10−8 10−7 10− 10− 
10

25

40

55

70

85

1.00E-091.00E-081.00E-07 1.00E-061.00E-05

V
b

pb

(1)
(2)
(3)
(4)

𝑝ҧ

𝑉ത

𝑑ҧ = 5 × 10 
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ത𝑉 =
ҧ𝑑

Λ1
−Δ1 − Δ1

2 − 2Λ1
ത𝜙 Τ3 2

𝛽
+ 𝛾𝑆𝐸 ҧ𝑝2 ҧ𝑑𝛿 + ҧ𝑝

Δ1 = − ln 𝛽 ത𝜙 Τ1 2 + ത𝜙 Τ−1 2 +
ln 𝛬1
2

+ ln ҧ𝑝 ҧ𝑑𝛿 + 𝛾𝑆𝐸 ҧ𝑝 ҧ𝑑 +
3

2
−
ln ൗത𝑇 ҧ𝑝 ҧ𝑑2

2

Δ1 = ෤𝜇 + ǁ𝜈

෤𝜇 =
ln 𝛬1
2

+ ln 𝛽 ത𝜙 Τ1 2 + ത𝜙 Τ−1 2 +
3

2
ǁ𝜈 = ln ҧ𝑝 ҧ𝑑 + 𝛾𝑆𝐸 ҧ𝑝 ҧ𝑑 −

ln Τҧ𝜏 ҧ𝑝 ҧ𝑑2

2



ത𝑉 =
ҧ𝑑

∆1

ത𝜙 Τ3 2

𝛽
+ 𝛾𝑆𝐸 ҧ𝑝2 ҧ𝑑𝛿 + ҧ𝑝 ≈

ത𝜙 Τ3 2
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Surface Roughness 𝛿 𝛿 =
𝑑0

2
.

Surface Roughness Model 𝑧 𝑥 = 𝑑0 sin
2𝜋𝑥

𝑇

𝜑𝑠 = 𝜑𝑡 −
𝑒𝑄

𝐶𝑘
,Work function of a surface:

𝐶𝑘 = න𝑑𝐶𝑘 = න
𝑛𝑥0

𝑛+1 𝑥0 𝜀0𝑦0𝑑𝑥

ℎ0 − 𝑑0si n
2𝜋𝑥
𝑇

= 𝜀0𝑦0න
𝑛𝑥0

𝑛+1 𝑥0 𝑑𝑥

ℎ0 − 𝑑0 sin
2𝜋𝑥
𝑇

Equation for 

capacitance:

𝑄 =
𝑄′𝑆

𝐴
=
𝜀0𝑥0𝑦0 𝜑𝑡

0 − 𝜑𝑠
0

𝑒𝑎

Charge per SKP scan 

step:

𝜑𝑠 = 𝜑𝑡
0 −

𝑥0 𝜑𝑡
0 − 𝜑𝑠

0

𝑎

𝜋

𝑇

1

𝑚
ℎ0
2 − 𝑑0

2

෍
𝑛=1

𝑛=𝑚 1

arctan
𝑑0 + ℎ0 tan

𝜋
𝑇
(𝑛)𝑥0

ℎ0
2 − 𝑑0

2

− arctan
𝑑0 + ℎ0 tan

𝜋
𝑇

𝑛 − 1 𝑥0

ℎ0
2 − 𝑑0

2

Substitute (4) and (5) into (3), yielding 

effective work function of surface:

(1)

(2)

(3)

(5)

(4)



Nondimensionalized model for effective work function of a rough surface:

Taking the limit of the model as 𝜏 → ∞

𝜑𝑠,𝐴𝑣𝑒 = 𝜑𝑡
0 −

𝜑𝑡
0−1

𝑎
ℎ0

Limit for Τ𝑑0 ℎ0 ≪ 1

𝜑𝑠,𝐴𝑣𝑒 = 1 −
𝑑0

ℎ0
𝜑𝑡
0 − 1

𝜑𝑠 =
𝜑𝑠

𝜑𝑠
0 , 𝜑𝑡

0 =
𝜑𝑡
0

𝜑𝑠
0 , and 𝜏 =

𝑇

𝑥0
where:

(7)

(8)

(9)

𝜑𝑠 = 𝜑𝑡
0 −

𝜑𝑡
0 −1

𝑎

𝜋

𝜏
ℎ0
2 − 𝑑0

2 1

𝑚
σ𝑛=1
𝑛=𝑚 1

arctan
𝑑0+ℎ0 tan

𝜋
𝜏(𝑛)

ℎ0
2−𝑑0

2
−arctan

𝑑0+ℎ0 tan
𝜋
𝜏(𝑛−1)

ℎ0
2−𝑑0

2
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Space-Charge-Limited Flow

Child-

Langmuir

Mott-

Gurney

Increasing gap distance

Townsend 

Breakdown

Thermo-Field Emission

Thermionic Field

[52,53]
[15,25,27-30,35,44,56-80, 

83-85,87,94-102,104,105, 

107-113]

[32,34]

[32,34,39]

[24,46-51]
[68,70]

[31,33,51,114]

[51]

[51]

[32,34]

Quantum 

Enhancement

[40-44]

[44]



 



ҧ𝜇 = 7 × 103

ഥ𝐷 = 107

ҧ𝐽𝐶𝐿 = Τቀ4 2 9) Τത𝑉 Τ3 2 ഥ𝐷2

ҧ𝐽𝐹𝑁 = Τത𝑉2 ഥ𝐷2 𝑒− Τഥ𝐷 ഥ𝑉

ҧ𝐽 ഥ𝐷2 =
9ത𝑉2 ҧ𝜇

8ഥ𝐷



ഥ𝐷 = ത𝑉 ln ൗ9 ത𝑉 4 2

ҧ𝜇 = ൗ32 2ത𝑉 81 ln ൗ9 ത𝑉 4 2

ഥ𝐷, ത𝑉 ҧ𝜇











ഥ𝐷 = 0.55

ത𝑇 ത𝑇𝑁 0.15ത𝑇𝑁 ത𝑇𝑁
ത𝑇𝑁 = 1.98 ≡

ҧ𝐽𝐶𝐿 = Τቀ4 2 9) Τത𝑉 Τ3 2 ഥ𝐷2

ҧ𝐽𝐹𝑁 = Τത𝑉2 ഥ𝐷2 𝑒− Τഥ𝐷 ഥ𝑉

ҧ𝐽𝑅𝐿𝐷 =
9

4
ത𝑇2𝑒− Τ1 ത𝑇 ,

ҧ𝐽𝐺𝐶𝐿 ≈ ҧ𝐽𝐶𝐿 1 + 3
ҧ𝑣𝑖
2

2ത𝑉
,



ഥ𝐷 = 0.55

ത𝑇

ത𝑉

ത𝑉



ҧ𝜇 = 7 × 102, ത𝑅 = 1010, ഥ𝐷 = 107

ҧ𝜇 = 7 × 103, 
ത𝑅 = 4 × 1011, 
ത𝑇 = 0.12
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